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Abstract: A phase recovery algorithm w ith improved accuracy and eff iciency is proposed for test w avefront

phase recovery f rom obtained phase differences in shearing interferometry. T he algorithm is based on com�
plete pixel by pixel mapping relat ionship between test phase and its differences, together w ith the least

square principle. In the algorithm, a special linear equation set is f irst ly built, f rom which the test phase

can be obtained direct ly by equation solving. Since the coef ficient matrix of the equat ion is sparse, it is

transferred to a small new matrix to reduce memory need and calculat ion amount. In the meant im e, since

the matrix is a posit ive�defined matrix , Choleski� s factorzat ion is adopted for convenient equation solving.

Reduced time cost and com puter memory need and improved recovery accuracy and ef ficiency have been

demonst rated by computat ional and experimental testing on the proposed algorithm and its comparison w ith

others. Good noise suppression ability is proved by error propagat ion characterist ic analysis.
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横向剪切干涉测量中准确的相位恢复算法
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摘要:提出一种剪切干涉测量中实现由相位差分准确高效恢复被测波前相位的算法。该算法是基于被测波前相位与其

差分完全的点对点对应关系,及最小二乘算法原理。首先由被测波前相位与其差分完全的点对点对应关系及最小二乘

原理,建立一特殊的线性等式, 被测相位能通过解此等式直接获得。由于该线性等式的系数矩阵为稀疏矩阵, 能转化为

一新的小矩阵,以降低计算机存储空间和计算量; 同时,由于该矩阵为正定矩阵, Choleski因式化分解方法能用来实现该

线性等式方便的解。进行了计算机数值分析和相关试验测试,结果表明: 该恢复算法可行, 且计算精度高、计算复杂性

低;可实现由相位差分准确恢复被测波前相位 ,同时具有良好的噪声误差传输特性。

关 � 键 � 词:剪切干涉; 相位差分;相位恢复; 算法
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1 � Introduction

� � Lateral shearing interference is interference

between test w avefront and its lateral sheared

copy[ 1] . In lateral shearing interferometry, no ref�
erence w avefront is needed, and the opt ical path

difference ( OPD) reacts directly only to the gradi�
ent of the test wavef ront phase but not the w ave�
f ront phase itself. As a result , the density of inter�
ference fringes is less sensit ive to the test w ave�
f ront , so the measurement range can be improved

signif icantly. What� s more, since the test w ave�
f ront vibrat ion does not cause any change of the

OPD, and so does the measurement result , good

imm unity of the interferometry to env ironment dis�
turbance can be guaranteed. How ever, in such in�
terferometry, only differences or slope measure�
ments of the test w avefront phase are obtained

from interferogram analysis. T o achieve the test

w avefront it self, an accurate algorithm should be

applied to these measurem ents for its recovery.

Several algorithms have been proposed for the

problem. Integration method[ 2�3] is a direct recov�
ery algorithm, in w hich small shear has to be

adopted and noise accumulat ion and error propaga�
t ion are the very problem for it. Polynomial fit�
t ing, such as the Zernike polynomial f it t ing algo�
rithms[ 4�7] can reduce the problem due to noise,

however in these algorithms, it is necessary to pre�
define a polynomial representat ion w ith specified

order number k that is assumed to be in accordance

w ith the unknow n test w avefront . As a result of

the dif ficulty in doing this, the recovery error is

usually serious. In recent years, Fourier t ransfor�
mation methods have also been at tem pted to the

problem[ 8�11] , how ever, these methods are some�
w hat limited due to their inconvenience for use.

Part ial different ial equat ion methods, in w hich

no pre�defined funct ion representations are needed,

have also been adopted for the w avefront phase re�
covery problem[ 12�15] . How ever w hen the w ave�
f ront phase size is not so small in such methods,

computer memory requirement, and calculat ion

cost and speed problems w ill be faced. Although it�
erat ive numerical schemes such as Jacobi and suc�
cessive over�relax at ion have been attempted to deal

with the memory and time problems in dif ferent ial

equation solving, the condit ion that the iterat ion

should be convergent cannot be alw ays sat isf ied. In

fact the convergence rate will be very slow when

the size of the coeff icient matrix of the equation is

large
[ 8]

.

In the proposed algorithm, based on complete

pixel by pix el mapping relationship betw een test

phase and its dif ferences, together w ith the least

square principle, a new equat ion set has been built

for direct test w avefront phase. Since the coeff i�
cient matrix of the equat ion is sparse, it can be

transferred to a sm all new matrix, so that less

memory and less t ime are needed. In the mean�
t ime, since the matrix is a posit ive�defined matrix,

Choleski� s factorzat ion method[ 16] can be adopted

for convenient solving and help reduce the calculat�
ing amount, computer memory need and im prove

the algorithm� s speed.

Noise impact on recovery result in the algo�
rithm is analyzed to show its good property in

avoiding noise propagat ion or error accumulation.

2 � Principle of the recovery algor ithm

� � The test w ave�f ront phase array is expressed

discretely as

�i , j , i= 1, 2,  , N ; j = 1, 2,  M ;

where N , M indicate the size of the array in x and

y direct ion, respect ively.

T he obtained phase differences corresponding

to x and y direct ion shearing are expressed as fol�
low ing, respectively

�
x
i, j = 1, 2,  , N - 1; j = 1, 2,  , M ;

�yi, j = 1, 2,  , N ; j = 1, 2,  , M - 1;

According to shearing interference principle,

�xi , j = �i+ 1, j - �i , j , i = 1, 2,  , N - 1; j = 1, 2,  , M ,

(1)
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and

�yi , j = �i , j + 1- �i , j , i = 1, 2,  , N ; j = 1, 2,  , M - 1,

(2)

Suppose the pract ical phase differences ob�
tained by shearing interferometry are denoted by

the follow ing expressions, respect ively

��xi, j , i= 1, 2,  , N - 1; j = 1, 2,  , M ;

��yi, j , i= 1, 2,  , N ; j = 1, 2,  , M - 1;

T he equat ion set consists of Eq. ( 1) and Eq.

( 2) can be solved to obtain the test wave�front

phase array while subst ituting the pract ical mea�
surement data ��xi , j and ��yi, j for �xi , j and �yi , j respec�
t ively. T he equat ion set is an over�determined lin�
ear equation set, w hich can be solved in the least

squares sense. T he solution �i , j is those that m ini�
m ize the residual square sum

� f ( �i, j , i= 1, 2,  , N , j= 1, 2,  , M )=

� � !
N- 1

i= 1
!
M

j = 1

( �i+ 1, j - �i, j - ��xi, j ) 2
+ !

N

i= 1
!
M- 1

j= 1

� � ( �i, j+ 1 - �i , j - ��yi , j ) 2
, (3)

Set the first derivatives of f relat ive to �i , j to

zeros as

 
 �i , jf ( �i , j )= 0 , ( 4)

By Eq. ( 4) , a series of equat ions are obtained

as

� � �i- 1, j + �i , j - 1- 4 �i , j+ �i , j + 1+ �i+ 1, j=

� � - ��xi , j - ��yi , j+ ��x
i+ 1, j+ ��yi, j + 1

i= 1,  , N ; j = 1,  , M , (5)

where, the coef ficients of terms �m, n is set 0 when

m !0 or m> N or n !0 or n> M .

T hus a linear matrix equation is obtained as

A�= p , ( 6)

where � is a vector w hose entries are corresponding

to the test wavef ront phase to be decided as �=

[ �1, 1 �1, 2  �1, M �2, 1  �2, M  �N - 1, M �N , 1  

�N , M ]
T
, p is a vector as p = [ p 1 p 2  pNM - 1

pNM ]
T

A=

- 2 1 0  0 1

1 - 3 1 0  0 1

0 0 0 0 0 0 0 0

 0 1 - 3 1 0  0 1

0  0 1 - 2 0 0  0 1 0

1 0  0 0 - 3 1 0  0 1

1 0  0 1 - 4 1 0  0 1

0 0 0 0 0 0 0 0 0 0 0

1 0  0 1 - 3 0 0  0 1

1 0  0 1 - 4 1 0  0 1

0 0  0 0 0 0 0 0 0 0

1 0  0 1 - 4 1 0  0 1

1 0  0 1 - 3 0 0  0 1

0 0  0 0 0 0 0 0 0 0

1 0  0 1 - 4 1 0  0 1

1 0  0 1 - 3 0 0  0 1

0 1 0  0 0 - 2 1 0  0

1 0  0 1 - 3 1 0

0 0  0 0 0 0 0

� � � � � � � � � � � � � � � � � � � � 1 � 0  � 0 1 - 3 1

� 1 0  � 0 1 - 2

, (7)
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w hose elements are results of several measurement

data of ��xi , j and ��yi , j , and A is the coef ficient ma�
t rix, w hich is a special sparse NM ∀ NM ( NM =

N ∀ M ) matrix or

A=

A 1 I 0  0
I A 2 I 0  
0 I   0
 0  AN ∀ M - 1 I
0  0 I AN ∀ M

,

w here I is N ∀ M unit matrix and A1 AN ∀ M is

tri�diagonal matrixes

A1= AN ∀ M =

- 2 1 0  0
1 - 3 1 0  
0    0
 0 1 - 3 1
0  0 1 - 2

,

A2= A3=  = AN ∀ M - 1=
- 3 1 0  0

1 - 4 1 0  
0    0
 0 1 - 4 1
0  0 1 - 3

.

T hus the wavefront recovery problem becomes

a problem to solve the linear algebraic equation rep�

resented by Eq. ( 6) . Usual algorithms such as

Gaussian elim inat ion and LU decomposit ion are ap�

parently not proper when A is so large.

Since the m atrix A is a posit ive def inite sym�
metry matrix, it can be factorized by the Choleski�

s factorization method for convenient equation solv�

ing .

F irst ly, the matrix is expressed in a com�

pressed form according to the built relat ion

Cij =
A

i , i= M + j - 1
, i+ j - 1> 0

0 � � � i+ j - 1 !0

for i= 1, 2,  , MN ; j = 1, 2,  , M + 1

T he compressed form is obtained as

CNM ∀ ( M+ 1) =

- 2 - 3  - 3 - 2 - 3 - 4  - 4 - 3  - 3 - 4  - 4 - 3 - 2 - 3  - 3 - 2

0 1 1  1 0 1  1 1   1  1 1 0 1 1 1 1

0 0 0  0 0 0 0 0 0 0   0 0 0 0 0 0 0 0

                     

0 0 0  0 0 0 0 0 0 0   0 0 0 0 0 0 0 0

- 2 - 3  - 3 - 2 - 3 - 4  - 4 - 3  - 3 - 4  - 4 - 3 - 2 - 3  - 3 - 2

T

� ,

( 8)

Apparent ly the memory needed is only 1/ N of that

needed by usual solving method.

Secondly, by Choleski method
[ 16]

, matrix A

is factorized as

A= LL#

and L is a dow n�tri matrix which can be obtained

based on CNM ∀ ( M+ 1) and stored in the same m atrix

space of CNM ∀ ( M+ 1) just like A in CNM ∀ ( M + 1) .

According to Choleski factorize equation[ 16] ,

L 1, M+ 1= C1, M+ 1 , (9)

and the first column of L is

L jk=
Cjk

L 1k
for j= 2, 3, . . . M + 1, and k= M- j+ 2

, (10)

For i= 2,3, . . . M, the i th row of L is determined

by

L i, M+ 1= Ci , M+ 1- !
M

k= 1
L ik

2
, (11)

and for j = 1,2, . . . M

L ( i+ j) , n=
1

L i, m+ 1
C( i+ j ), n- !

n- 1

k= 1
L ( i+ j) , kL nk

,

� � n = M - j + 1 , (12)

and

LMN ,M+ 1 = CMN, M+ 1- !
M

k= 1

LMN, k
2
, (13)

Thus the equat ion (6) becomes

LL#x= p , (14)

Finally, the solution of Eq. (6) is obtained by solv�

ing Eq. (15) as the following steps.

Let y= L#x, the equation is firstly solved using the
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forward substitution,

y 1=
p 1

L 1, M+ 1
, (15)

and for i= 2, 3, . . . , MN

yi =
1

L i , M+ 1
pi - !

M

k= 1

L ikYi- (M- k+ 1) . (16)

Then by backward substitution method as the fol�
lowing,

x n=
yn

ln, M+ 1
, (17)

and for i= n- 1, n- 2, . . .1,

xi =
1

L i, M+ 1
yi - !

i+ M

k= i+ 1
Lk , M+ 1- kxk , (18)

the recovery result is obtained as

�i= x i, i= 1, 2,  , MN . (19)

It can be noticed that the memory needed and the

calculating quantity in the proposed algorithm are only 2/

N of that in usual algorithms, and so is the time costing.

3� Noise suppression

� � Generally it is inevitable that the phase differences

obtained by practical shearing interference measurements

are with noises, which can cause phase recovery errors.

Assume the noises to be random, addit ive, and of

zero mean and variance of !, and the noised phase differ�

ences are expressed

��xij= �
x
ij+ ∀�

x
ij ,

��yij= �yij+ ∀�yij ,

where ∀�xij , ∀�
y
ij are the noise distributions of the measure�

ments, and they are independent and satisfy

E( ∀�xij )= 0, E(∀�xij )
2= !2

E(��yij )= 0, E( ∀�
y
ij )

2
= !

2

Similarly, p in equation (6) can be

�p i= p i+ ∀pi ,

where �p i is result of obtained phase differences by Eq. (5)

and ( 16) .

According to error theory,

E( ∀p i)= 0,

� � E( ∀p i )
2= E(∀�xi , j )

2+ E(∀�yi , j )
2+

� � E(∀�xi+ 1, j )
2+ E( ∀�yi, j + 1)

2= L i, M+ 1!
2
, (20)

Similarly, by Eq. ( 16) and Eq. (17) ,

E( ∀yi )= 0,

E( ∀y1)
2=

1

L 1, M+ 1
2E(∀p1)

2
,

E( ∀y2)
2=

1

L 2, M+ 1
2( L 2M

2
E(∀y 1)

2< E( ∀y1)
2
,

  

E( ∀yM)
2

=
1

L M,M+ 1
2( LMM

2
E(∀yM- 1)

2
)

< E(∀y1)
2
. (21)

For i> M

E( ∀yi )
2

=
1

L i, M+ 1
2( E( ∀p i )

2
+ L i1

2
E(∀yi- M)

2
+

L i2
2
E(∀yi- M- 1)

2+  + L iM
2
E( ∀yi- 1)

2
)

<
1

L i, M+ 1
2( L i, M+ 1!

2+ L i1
2
E(∀y 1)

2+

L i2
2
E(∀y 1)

2
+  + L iM

2
E( ∀y1)

2
)

=
1

L i , M+ 1
2( L i , M+ 1!

2
+ E( ∀y1)

2!
M

k= 1

L i1
2
)

<
1

L i, M= 1
2( L i, M+ 1!

2+ E(∀y 1)
2
)=

(
1

L i, M= 1
3+

1
L i, M= 1

) !2< 2!2 � , ( 22)

Then by Eq. ( 18) , Eq. ( 19) and Eq. (20)

� E(∀xi )= 0,

� E(∀xMN )
2=

1

LMN, M+ 1
2E( ∀yMN )

2< 2!2

� E(∀xMN - 1)
2 =

1

LMN- 1, M+ 1
2( E(∀yMN )

2+

LMN, M
2
E( ∀xMN )

2
)

=
1

LMN- 1, M+ 1
2( E(∀yMN )

2
+

LMN, M
2 ∀ 1

MN, M+ 1
2

E( ∀yMN )
2
)< 4!

2

�   

� E(∀x 1)
2

=
1

L1, M+ 1
2( E( ∀y1)

2
+ LM, 1

2
E(∀xM)

2
+

LM- 1,1
2
E(∀xM- 1)

2+  +

L2, 1
2
E(∀x 2)

2
)< E( ∀y1)

2

and

E(∀xi )
2

=
1

L i, M+ 1
2( E(∀yi )

2
+

� L i+ 1, M - i
2
E ( ∀x i+ 1)

2+
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� L i+ 2, M - i- 1
2
E( ∀x i+ 2)

2+  +

� L i+ M , 1- i
2
E ( ∀x i- 1)

2
)

� <
1

L i, M + 1
2( L i , M + 1!

2
+ L i 1

2
E( ∀y 1)

2
+

� L i 2
2
E ( ∀y 1)

2+  + L iM
2
E ( ∀y 1)

2
)

� =
1

L i, M+ 1
2 ( L i, M+ 1 !

2
+ E( ∀y 1)

2 !
M

k= 1
L i 1

2
)

� <
1

L i, M = 1
2( L i , M + 1!

2+ E ( ∀y 1)
2
)=

� ( 1

L i , M = 1
3+

1
L i, M= 1

) !2<
5
8
!2 � ,

(23)

So by the proposed algorithm, the mean

square error due to noise for every pixel of the re�
covery result is less than 2!. The error suppression

effect of the algorithm is shown.

4 � Simulation

� � T o prove the feasibility and the advanced

( a) Simulated wavefront phase

( b) Phase difference along x�direction;

( c) Phase difference along y�direction

( d) Recover y result by pr oposed algor ithm

( e ) Result er ror compared w ith the original wavefront

phase
Fig . 1 � Computer testing of t he proposed algor ithm

propert ies of the proposed algorithm, computer

simulations and experiments are carried out as fol�
lows: ( 1) Simulate an arbit rary w avefront phase;

( 2) f ind its phase differences in x and y direc�
t ions; ( 3) recover the w avef ront phase from the

phase dif ferences by the proposed algorithm; ( 4)
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compare the result w ith the simulated w avefront

phase to evaluate the recovery accuracy. To evalu�
ate the noise suppression property of the algorithm,

random noises are added to the phase differences,

then the w avefront phases are recovered f rom the

noised dif ferences and compared w ith the original

w avefront phase, the impact of noise is show n.

T he simulated test w avefront phase is show n

in Fig. 1 ( a) . According to shearing interference

principle, the phase differences along x and y di�
rect ion are show n in Fig . 1 ( b) and ( c) , respec�
t ively. Apply the proposed phase recovery algo�
rithm to the tw o g roups of differences, the recov�
ery result is shown in Fig. 1 ( d) . F ig . 1 ( e)

shows the recovery error, the peak�valley ( PV)

value for the error doesn� t exceed 2 ∀ 10- 16 mm .

Random Gaussian noises, w hose means are 0

and variance != 0. 01 m m, are added to the phase

differences to simulate noisy phase dif ferences

shown in Fig. 2( a) and ( b) . By the proposed

( a) Noisy phase differ ences along x�direct ion

( b) Noisy phase differences along y�direction

( c) Recover y result

( d) Recover y er ror compared w ith the or iginal phase w ith

noise
Fig. 2 � Recovery�r esult w ith noise,!= 0. 01 mm

algorithm, the corresponding phase recovery result

is obtained and shown in Fig. 2( c) .

� � T he result error com paring w ith the simulated

wavefront phase is show n in Fig . 2 ( d) . The mean�
square�root ( RMS) error is 0. 001 2 mm ,

Fig . 3 � Error level ( RM S) under different noise condi�

tions ( var iance!) .
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w hich doesn� t exceed the range of the added noise.

F ig. 3 shows the error level in RM S and mean�
peak�valley height ( MPV ) under dif ferent noise

condit ions ( variance !) . T he conclusion about the

noise suppression property of the proposed algo�
rithm is proved.

5 � Discussion and conclusion

� � Based on complete pix el by pixel mapping re�
lat ionship between test phase and its differences,

together w ith the least square principle, an algo�
rithm w ith improved accuracy and eff iciency is pro�

posed for test w avefront phase recovery from ob�
tained phase differences in shearing interferometry.

In the algorithm, a special linear equat ion set is

firstly built , and special solving method for the lin�
ear equat ion is adopted to reduce t ime cost and

computer memory need and improve accuracy and

eff iciency. The excellent characteristics of the algo�
rithm have been demonst rated by computat ional

and experimental test ing on the proposed algorithm

and its comparison w ith others. Good noise sup�
pression ability is proved by error propagat ion char�
acteristic analysis.
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第三届全国信息获取与处理学术会议

征 文 通 知

第三届全国信息获取与处理学术会议将于 2005年 8月在浙江省金华市召开,本次会议由中国仪器
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其它。

二、征文要求

1.论文未公开发表; 2.来稿请严格按照∃沈阳测控信息网%提供的排版格式要求排版, 打印两份,包
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地址,邮编,电话,传呼,手机, E- mail等; 5. 来稿请通过电子邮件和邮局同时投寄; 6. 版权纠纷, 作者自

负。

三、重要信息

本次会议将评选优秀论文,由中国仪器仪表学会颁发优秀论文证书,并在∃沈阳测控信息网%公布获

奖名单。
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五、投稿地址

沈阳市铁西区南十三路 1号 29信箱(邮编 110023)沈阳市仪器仪表与自动化学会 贾冬娜收。
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