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Accurate phase recovery algorithm in lateral shearing interferometry
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Abstract: A phase recovery algorithm with improved accuracy and efficiency is proposed for test wavefront
phase recovery from obtained phase differences in shearing interferometry. T he algorithm is based on com-
plete pixel by pixel mapping relationship between test phase and its differences, together with the least
square principle. In the algorithm, a special linear equation set is firstly built, from which the test phase
can be obtained directly by equation solving. Since the coefficient matrix of the equation is sparse, it is
transferred to a small new matrix to reduce memory need and calculation amount. In the meantime, since
the matrix is a positive defined matrix, Choleski s factorzation is adopted for convenient equation solving.
Reduced time cost and computer memory need and improved recovery accuracy and efficiency have been
demonstrated by computational and ex perimental testing on the proposed algorithm and its comparison with
others. Good noise suppression ability is proved by error propagation characteristic analysis.
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1 Introduction

Lateral shearing interference is interference

between test wavefront and its lateral sheared

copy[ 1,

erence wavefront is needed, and the optical path

In lateral shearing interferometry, no ref

difference ( OPD) reacts directly only to the gradr
ent of the test waveftront phase but not the wave
front phase itself. As a result, the density of inter
ference fringes is less sensitive to the test wave
front, so the measurement range can be improved
significantly. What’ s more, since the test wave
front vibration does not cause any change of the
OPD, and so does the measurement result, good
immunity of the interferometry to environment dis
turbance can be guaranteed. However, in such ir
terferometry, only differences or slope measure
ments of the test wavefront phase are obtained
from interferogram analysis. To achieve the test
wavefront itself, an accurate algorithm should be
applied to these measurements for its recovery.
Several algorithms have been proposed for the
problem. Integration method >*! is a direct recov
ery algorithm, in which small shear has to be
adopted and noise accumulation and error propage
tion are the very problem for it. Polynomial fit
ting, such as the Zernike polynomial fitting algo

rithms! 7!

can reduce the problem due to noise,
however in these algorithms, it is necessary to pre
define a polynomial representation with specified
order number k that is assumed to be in accordance
with the unknown test wavefront. As a result of
the difficulty in doing this, the recovery error is
usually serious. In recent years, Fourier transfor
mation methods have also been attempted to the

811
], however, these methods are some

problem!
what limited due to their inconvenience for use.
Partial differential equation methods, in which
no pre defined function representations are needed,
have also been adopted for the wavefront phase re

12-15]

covery problem! However when the wave

front phase size is not so small in such methods,

(P;'C,j: 4. Lj— d%,j,i: 1,2 ... N-

computer memory requirement, and calculation
cost and speed problems will be faced. Although it-
erative numerical schemes such as Jacobi and suc-
cessive over-relaxation have been attempted to deal
with the memory and time problems in differential
equation solving, the condition that the iteration
should be convergent cannot be alw ays satisfied. In
fact the convergence rate will be very slow when
the size of the coefficient matrix of the equation is
]arge[ o

In the proposed algorithm, based on complete
pixel by pixel mapping relationship between test
phase and its differences, together with the least
square principle, a new equation set has been built
for direct test wavefront phase. Since the coeffi-
cient matrix of the equation is sparse, it can be
transferred to a small new matrix, so that less
memory and less time are needed. In the mean-
time, since the matrix is a positive defined matrix,
Choleski’ s factorzation method!'® can be adopted
for convenient solving and help reduce the calculat-
ing amount, computer memory need and improve
the algorithm’ s speed.

Noise impact on recovery result in the algo-
rithm is analyzed to show its good property in

avoiding noise propagation or error accumulation.

2 Principle of the recovery algorithm

The test wave front phase array is expressed

discretely as

€, i=1L2, .. N;j=12 -.M;
where N, M indicate the size of the array in x and
y direction, respectively.

T he obtained phase differences corresponding
to x and y direction shearing are expressed as fol-
lowing, respectively

€= 12 o N=Lj=1,2 - M;
Ci=1L2 - N;j=1,2 .. M= 1;

According to shearing interference principle,

Lj=12 -, M,
(1
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and
®i=¢Lj1—-%,,i=12 . N;j=12, .
(2)
Suppose the practical phase differences olr
tained by shearing interferometry are denoted by
the following expressions, respectively
B i= 1,2, o N= 1= 1,2, - M;
@, i=1,2 - N;jj=12 . M- 1;
T he equation set consists of Eq. (1) and Eq.
(2) can be solved to obtain the test wave front
phase array while substituting the practical mea
surement data ® jand @ ; for ¥ ; and ¥ ; respec
tively. T he equation set is an over determined lir
ear equation set, which can be solved in the least
squares sense. T he solution @ ; is those that mint

mize the residual square sum

f(d)i,j’ i: 1, 2’ [N N,j: 1, 2, ...’M):

N-1 N M-1

M
22— h- B D)

i=1j=1 i=1 j=1

-2 1 0 0 1
1 -3 1 0 0 1
0 0o 0 O 0 0 0 0
0 1 -3 1 0 0 1
0 0 1 -2 0 0 0 1
1 0 0 0o -3 1 0 0 1
1 0 0 1 -4 1 0 ... 0
0 0 0 0 0 0 0 0 0
1 0 0 1 -3 0 0
1 0 0 1 -4 1
A= 0 0 0 0 0
1 0 0 1
1 0 0
0 0
1 0
1
0

-,M— 1>

(1= b= F)% (3)
Set the first derivatives of f relative to ¢.jto

Z€eros as
0
507 (%)= 0. (4

By Eq. (4), a series of equations are obtained

b+ B o1- 48+ B+ D=
- wf,j— ?pf,ﬁ @ Ljt mf,jm

17 ] N;,]: 17 7M s (5)

where, the coefficients of terms &, , is set 0 when

m=0or m>N or n<0o0r n> M.
Thus a linear matrix equation is obtained as
Ab=p, (6)
where ¢ is a vector whose entries are corresponding
to the test wavefront phase to be decided as ¢=
[P o by by by o B
¢N¢M]T, p is a vector as p= [pi1p2 ---pNM- 1

pAaM | !

0
0
0 1
0 1
0 0 0 0 , (7)
-4 1 0 0o 1
-3 0 0 0o 1
00 0 0 0 0 0
0 1 -4 1 0 0 1
0 1 -3 0 0 0 1
0t 0 0 -2 1 0 0
10 0 1 -3 1 0
0 0 0 0 0 0 0
10 0 1 -3 1
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whose elements are results of several measurement
data of % ; and @ ;, and A is the coefficient ma
trix, which is a special sparse NM X NM (NM =
N x M) matrix or

Ay I 0 0

I A, 1 0
A=l o0 1 .. 0 |,

“ee 0 . ANXM* 1 I

o ... 0 I Ay x m

where I is N X M unit matrix and A1 ---ANx M is

trr diagonal matrixes

-2 1 0 . 0
1 -3 1 0 ..
A]: ANX M= 0 0 )
0 1 -3 1
0 .. 1 -
Ar= Asz= .= Ayxyu-1=
-3 1 0 0
1 -4 1 0
0 o i e 0
0 1 -4 1
0 .. 0 1 -
CNM x (M+ 1)=
[C2 3 . -3 -2 -3 —4 —4 -3
0o 1 1 1 0 1 11
0 0 o0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
-2 -3 -3 -2 -3 -4 4 -3

Apparently the memory needed is only 1/ N of that
needed by usual solving method.

Secondly, by Choleski methodlmj, matrix A
is factorized as

A= LL

and L is a dowirtri matrix which can be obtained
based on Cyy x (m+ 1) and stored in the same matrix
space of Cwu x (m+ 1) just like A in Cypyrx(p+ 1.

According to Choleski fadorize equation ',

Live1= JCimst, (9)

and the first column of L is

o
ij:[ﬁ forj=23...M+ 1, and k= M- j+ 2

.(10)
For i=2,3 ... M, the ith row of L is determined

. -3 -4

T hus the wavefront recovery problem becomes
a problem to solve the linear algebraic equation rep-
resented by Eq. (6). Usual algorithms such as
Gaussian elimination and LU decomposition are ap-
parently not proper when A is so large.

Since the matrix A is a positive definite sym-
metry matrix, it can be factorized by the Choleski’
s factorization method for convenient equation solv-
ing.

Firstly, the matrix is expressed in a com-
pressed form according to the built relation

{A“= Yeiml e j- 150
Cij=

0 i+j-1=0
fori= 1,2, .., MN;j=1,2, ... M+ 1

T he compressed form is obtained as

(8)

M
Li we1= #i,m - ;Likz , (11)

adforj=1,2... M

n1
;[ Civ )nm 2L, ALnIJ ’

k=1
Li, m+ 1

n=M-j+1,

Li+ j), n=

(12)

and

M
Lyn, w1 = JCMN, Ml — ZLMN,kZ, (13)
k=1

Thus the equa bn (6) becomes
LLx=p, (14)
Finally, the solution of Eq. (6) is obtained by solv-

ing Eq. (15) as the following steps.
Let y= Lx, the equation is firstly solved using the
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forward substitution,

yi=
Liyir’

and for i=23 ..., MN

M
AZLikYi— (M- k+ 1)] . (16
= 1

Then by backward substitution method as the fok

lowing,

1
" Liow 1[pi_

_ !Il
= ln,M+ 1 ’ (17)
ad for i=n—-1Ln-2...1,
w M
o1 7
xi = Li,M+1|:yL_ k;lLk,/lh l—kxk] , (18)

the recovery result is obtained as
b= i i= L2 - MN . (19
It can be noticed tha the memory needed and the
clculating quantity in the proposed algorithm are only 2/

N of that in wsual dgorithms, and so is the time costing.

3 Noise suppression

Gererdly it is inevitble that the phase differences
obtained by pradical shearing interference measurements
are with noises, which can cause phase recovery errors.

Assume the noises to be random, additive, and of
zero mean and variance of 0, and the noised phase differ

ences are expressed

G= G+ 89,
G= %+ 89,

where 8, 8% are the noise distributions of the measure
ments, and they are independent and satisfy
E(8%)=0, E(8% )=
E(%)= 0 E(8%)%=
Similarly, p in equation (6) can be
pi=pi+ &i,
where p; is result of obtained phase differences by Eq. (5)
and ( 16).
According to error theory,
E(§i)=0
E(0)= E(5%,+ B(89,/+

E(8%. 1))+ E(8%,:1)%= Liye1 & (20)
Similarly, by Eq. (16) and Eq. (17),
E(&i)=0Q

E( &)= LlM zE(§)1)

E(8)= T~ (Lo B8 )< B8

E(&u) = LMJ]WJ(LMMZE(@M_ )

< E(8)° (21)
For i> M

E( i)' =

—A(E( i )+ L E(&i-u)+
Lo E(@i_M_ D+ ok Ll E( & 1)?)
5(Liws 10+ Li’E(& 1)+

o L"E(81)°)

<
Li v+

LizzE(@l) ’

= Q(LL 1/I+1O + E(@’ )2ZL‘1
Ll M+ 1

<

(Li vs 10+ E(&1)%)=

3
Li, M=1

1 1 P 7P
(Li, M= 13+ L u-= 1) <2
Then by Eq (18), Eq. (19) and Eq. (20

E(&i)=0,

; (2

B = T——3E( S < 20

MN, M+ 1
E(&ouv-1)° = L—(E(@MN) +

MN- 1, M+
Luw, m E(&M\))
LMN LM+ 1 (E(@/MN) *

Ly, w” % MEO@ ))< 40

E(&1)° = —Y(E( 81+ L CE( &)™+
Lim+1

Lyu- o 2E( &)™+ o
Lo "E(&2)°)< E(§1)°
and

E( &)’ = (E(@)+

Li+ Li- it E( S 1)tH
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Livoy-i- CE( 8eiv )+
Li+wm, 1- izE((Sxi— 1)2)

L, 02 12
<LLM+1(L M+ 1 +L1E(@f1)+

Li> E(5f1)2+ et Lii"E( 5‘/1)2)
= —(Liu1 O+ E( &) ZLA)

LL, M+ 1

« =L (L 1O E(§1)Y)=
Lim=1

1 1 > S 2
0’< =0
(Li,M: 2T L 1) 8 ’

(23)

So by the proposed algorithm, the mean
square error due to noise for every pixel of the re
covery result is less than 20. The error suppression

effect of the algorithm is shown.

y direction plmc difference

eediackhe cdae d
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Simulation

To prove the feasibility and the advanced
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.

(a) Simulated wavefront phase
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(e) Result error compared with the original wavefront

phase
Fig.1 Computer testing of the proposed algorithm

properties of the proposed algorithm, computer
simulations and experiments are carried out as fol-
lows: (1) Simulate an arbitrary wavefront phase;
(2) find its phase differences in x and y direc
tions; (3) recover the wavefront phase from the

phase differences by the proposed algorithm; ( 4)
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compare the result with the simulated wavefront
phase to evaluate the recovery accuracy. To evalr
ate the noise suppression property of the algorithm,
random noises are added to the phase differences,
then the wavefront phases are recovered from the
noised differences and compared with the original
wavefront phase, the impact of noise is shown.

T he simulated test wavefront phase is shown
in Fig. 1 (a).
principle, the phase differences along x and y dr

According to shearing interference
rection are shown in Fig. 1 (b) and (¢), respec
tively. Apply the proposed phase recovery algo
rithm to the two groups of differences, the recov
ery result is shown in Fig. 1 (d). Fig. 1 (e)
shows the recovery error, the peak-valley (PV)
value for the error doesn’ t exceed 2x 107 ' mm.
Random Gaussian noises, whose means are 0
and variance 0= 0. 01 mm, are added to the phase
differences to simulate noisy phase differences

shown in Fig. 2(a) and (b). By the proposed

Noisy phase dlffmm.c alung X-direction

tn:m)_ LIPS

il umLWmmlLﬂ

(a) Noisy phase differences along a~ direct ion

Noisy phase diﬂ'cmnc_c_ along y-direction

(mm) |

BV R

(b) Noisy phase differences along y- direction

reconstruction result with noise

pixel

(c)Recovery result

reconstruction ermor with noise

o 10r lmm)

4:1"\' -5

~,,\--‘ I 4
pixel 20 “\_//"glu/ l)pl.lu:l

00

(d)Recovery error compared with the original phase with

noise
Fig.2 Recoveryresult with noise,0= 0.01 mm

algorithm, the corresponding phase recovery result
is obtained and shown in Fig.2(c).

T he result error comparing with the simulated
2 (d). The mearr

square root ( RMS) error is 0. 001 2 mm,

X 10~ Reconstruction error col
to dlﬁ'emnt added nmse level

14
ateconstmctlonmormRMS
12 » reconstruction error n MPY f

wavefront phase is shown in Fig.

1 Tk

Reconstruction error / mm
c o
5 (=
*

0 0002 0004 0006 0008 00
Added Gaussian noise level in RMS /mm

Fig.3 Error level (RMS) under different noise condt

tions (varianceO) .
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which doesn’ t exceed the range of the added noise.
Fig. 3 shows the error level in RMS and mearr
peak valley height (MPV) under different noise
conditions (variance 0). The conclusion about the
noise suppression property of the proposed algo

rithm is proved.

5 Discussion and conclusion

Based on complete pixel by pixel mapping re
lationship between test phase and its differences,
together with the least square principle, an algo

rithm with improved accuracy and efficiency is pro

Reference:

posed for test wavefront phase recovery from ob-
tained phase differences in shearing interferometry.
In the algorithm, a special linear equation set is
firstly built, and special solving method for the lin-
ear equation is adopted to reduce time cost and
computer memory need and improve accuracy and
efficiency. The excellent characteristics of the algo-
rithm have been demonstrated by computational
and experimental testing on the proposed algorithm
and its comparison with others. Good noise sup-
pression ability is proved by error propagation char

acteristic analysis.
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